INTRODUCTION
It is known that damage to engineering structures during earthquakes depends upon the nature of the arriving seismic waves as well as on the properties of the structures.
The characteristics which are of major interest to engineers for the purpose of design are the intensity, the frequency composition and the total duration of the earthquake motion.
Generally, such features are functions of the following three factors :
(1) the source mechanism, (2) the material properties of the earth media along the various paths through which the seismic waves travel, and (3) the local geological conditions of the site under consideration. The complicated nature of the earthquake source mechanism, the irregular structure of the earth's mantle and crust, and the difficulty of taking significant measurements make it difficult to elucidate the real influences on the ground motion. For the purpose of designing earthquake resistant buildings and analysing ground shaking, however, (2) and (3) of above three factors are especially significant in earthquake engineering.
A great deal of effort has gone into how to take into account the material properties and the local geological conditions into the response analyses such as the wave propagation method1)-6) and the lumped mass method.7), 8) In general, the ground formation near the surface is very complicated and the dynamic properties of earth materials vary with the confining pressure as investigated by Hardin and Richart. 9) Moreover, it is often that throughout whole layered formation, the S-wave velocity and the density of a layer are greater as depth increases. In other words, it is possible to represent the vertical distribution of dynamic moduli and densities with some suitable continuous function of which value increases monotonously with depth. In this paper, we will call this layered system an inhomogeneous layer Some investigators10)-12) have dealt with the problem of the response characteristics of the inhomogeneous elastic soil layer due to SH-wave, which is incident vertically to it, and obtained the general solution under any inhomogeneous condition by solving the partial differential equation mathematically. But they did not discuss the calculating method used in order to obtain the underground motion from the surface record. In this paper, an approximate technique will be presented to analyse the response of an inhomogeneous elastic superficial soil layer subjected to an incident earthquake motion at the base rock and to calculate the underground motions from observed earthquake records at the surface for the purpose of engineering applications. This is based on the multiple reflection theory of wave. The accuracy of this technique is examined by a comparison with the exact solutions.
BASIC EQUATIONS FOR THE MUL-TIPLE REFLECTION THEORY FOR THE MULTI-LAYERED SYSTEM
Here we consider the ground consisting of horizontal multi-layers overlying an elastic halfspace as shown in Fig. 1 . Hi and pi are the thickness and the density, and Ui and A are the ascending wave and the descending wave in ith layer, respectively. A set of n coordinates, zi, i =1, 2,..., n, is defined as shown in Fig. 1 . A relationship between shear wave velocity ci and traveling time r is
The transmission and reflection coefficients of a wave at the boundary between the ith and (i +1)th layers are defined as shown in Fig. 2 
The equation of a shear wave which propagates vertically only, is indicated as
Its solution is denoted by the sum of the ascending and the descending waves ui(t, zi)= Ui t-z2 +Di t-ri+ zi (5) where, ui(t, zi) is the horizontal displacement at the time t and the coordinate zi in the ith layer and Gi is the shear modulus. The displacements at the boundaries, zi=Hi and zi=0 as shown in Fig. 3 , are given by ui(t, HZ)= U(t-z1)+D1(t) ui(t, 0)= Uj(t)+Di(t-r1).
If the wave record observed at the ground surface is given by u3(t), the relation between the ascending and the descending waves, because of free shear stress, is as follows;
In general, the following relationships between the ascending and the descending waves appear; 13)
The relationship between the incident wave uo(t) and the ascending and the descending waves in the nth layer is given by up(t)= y (Un(t)+(3' Dn(t-T33)} (10) If either u3(t) or uo(t) is known, the transient motion in all layers during an earthquake can be calculated successively in the time region, by solving the simultaneous equations of Eqs. (7), (8) , (9) to express the motion in an arbitrary layer, in terms of known surface motion us(t), is derived by means of the multiple reflection theory. By letting the number of the divided layers approach infinity, the recurrent equation can be transformed into the integral form. At the stage of obtaining the recurrent equation, the terms of the combinations of the transmission coefficients ri, r1, i=1, 2, i and the reflection coefficients jai, i=1, 2, i, will appear in the equation.
Since the characteristic impedance increases with depth as assumed before, an impedance ratio ai is in the range of 0<a<1. (11) At the limit where n goes to infinity, ai approaches unity.
Therefore, it is found from Eq. (3) that ri and ri approach unity, (3i and both approach zero. In deriving the approximate equations as described below, only the terms of the first and second order of the reflection coefficients jai and jai, i=1, 2,..., i, are considered and the terms of the higher order are neglected, because they are infinitesimally small quantities.
From Eq. (7) Ui(t)= 7 us(t+r1), Di(t)= 7 us(t) (12) The ascending wave in the 2nd layer can be expressed by the following equation from Eqs. In the above equations, the new coordinate system is used as shown in Fig. 4 . The first term is for the direct transmission wave, and the second and third are for the wave which is reflected once in the case of the second term and twice in the case of the third in the inhomogeneous layer.
The physical meaning of each term is shown in Fig. 5 . A(x) and B(x) are functions of depth and they correspond to the transmission and the reflection coefficients which are discussed in 3. 2. c(x) is the distribution function of shear wave velocity. From Eq. (5) the displacement u(t, x) at the arbitrary depth is given by
Also, the incident motion uo(t) is obtained from
where, rn and n are the transmission and the reflection coefficients at the interface between the superficial layer and the base rock.
2 Discussion about A(x) and B(x)
A(x) is the limit value of the product of the transmission coefficients and is expressed by
From Eq. (3) so that
If the distribution function of the characteristic impedance is given by X(x)= p(x)c(x), we obtain the following equation from Eq. (23);
Consequently, A(x) can be expressed by X(x) from Eqs. (21) and (23) as
The characteristic impedance a(x) which is a function of x is defined by (x)
x(x-ax)x(x)dxax= hm-7-(26) (26) where, X'(x) means dX(x)/dx. The reflection coefficient j3(x) is given by substituting Eq. (26) into Eq. (3) la(x)= 1-atVl -tG)dx1 + a(xl 2X(xl (27) So that, B(x) is expressed by 
where, H is the thickness of the inhomogeneous soil layer. The notations for the displacement, the shear modulus, the density and the wave velocity of the superficial layer and base rock are shown in Fig. 6 . The two models used are shown in Fig. 7 (A) and (B) . The former is the model in which inhomogeneity is relatively small and the latter in which it is relatively large. Substituting Eqs. (17) and (18) into Eq. (20), the incident motion uo(t) can be expressed by the surface motion u3(t) as follows; uo(t)= Al us t+H 1
Substituting the following equations into the above equation, the response of the surface in a sinusoidal steady-state for the infinite harmonic wave can be examined
where, a and AS are the amplitudes of the displacement of the incident and the surface motions respectively, i the imaginary unit and w the angular frequency.
The ratio of the amplitudes is given by the complex equation
where, Table 1 for models A and B shown in Fig. 7 (A) and (B), respectively.
Model A In this model, the inhomogeneity is relatively small and the difference of rigidity between the superficial layer and the base rock is relatively large.
Under the inhomogeneous condition presented in Table 1 
where, g (1) is given by
and S1(x) and C1(x) are the sine and cosine integrals respectively, defined by the formula Model B In this model, the inhomogeneity is relatively large and the difference of rigidity between the superficial layer and the base rock is small. The numerical results of the characteristics of ground shaking, using the same method of calculation as described for model A, are shown in Fig. 9 . Compared with the exact solution, some discrepancy appears in the low frequency range, however, it is only 3%. The tendency of the amplitude and the phase characteristics of this model are greatly different from those of the homogeneous two-layered system.
4 Numerical Example
The underground motions in the time domain are inferentially calculated from the observed earthquake record on the ground surface and compared with the observed one.
As the one of Abeno re-development projects, Osaka, three seismo-meters were placed at the different depth in the ground; the ground surface, 10 m and 30 m below, in the campus of Medical Science of Osaka Municipal University. Microtremors and earthquakes were observed from December, 1970 to March, 1971. 15 The one of earthquakes observed in that period is Atsumi Hanto Oki earthquake of January 5, 1971, of which magnitude is 6. 3, and the maximum acceleration at the surface is 11. 84 gal. A typical configuration for a distribution of Swave velocity at the observed point is shown in Fig. 10 . Though its distribution is very complicated, the distribution function of S-wave velocity is assumed as c(x)= 200(1+x/4H)3 for simplicity, and the layer which lies 35 m under the ground and in which S-wave velocity is 500 m/sec, is regarded as the base rock. The density in each layer is in the range of 1. 8 to 1. 9 g/cm3 and considered to be constant through the layered soil in the analytical calculation. The amplitude characteristic of this ground is obtained by the method described in the previous section as shown in Fig. 11 . It is found from this figure that the amplification at the surface is relatively small.
The fundamental predominant frequency is considered to be 2 cps by using the values of c0=200 rn/sec and H=35 m.
The recorded accelerogram at the surface is shown in Fig. 12 (a) . From that, the underground accelerations are computed by using Eqs. (17) to (19) . The calculated accelerograms at 10 m and 30 m under the ground are compared with the observed one, as shown in Figs. 12 (b) and (c), respectively.
In these figures, we can see a good agreement in the wave shapes.
Figs. 13 (a), (b) and (c) show the power spectrum density functions S(f) for the observed and the calculated accelerograms in Fig. 12 . We notice that the component of frequency f=1.1 cps is prominent in all accelerograms, and that the component of frequency 2. 1 cps is prominent in the surface accelerogram in spite of inferiority in the accelerogram at 30 m under the ground.
CALCULATION OF EARTHQUAKE RESPONSE MOTION' 6 1 Calculating Method
In order to calculate the surface motion as the response for thee incident motion uo(t), we must calculate uS1(t), us2(t),.. etc. as indicated in Fig.  14 . Then, the final surface motion us(t) is given by us(t) = uni(t) + uS2(t) + u83(t) +.....
If we adopt the approximation described in the previous section, u2(t), u3(t), etc. can be related with us1, us2,... etc., respectively, according to Eq. (18) . Now, we compute uS1(t), uS2(t), etc. one by one from the known function uo(t).
At first, u1(t) can be related with uo(t) as u1(t) =1 uo(t) ...
Eq. (17) for the ascending wave holds between ui(t) and u81(t) and the new relation is given by
This equation is applicable when we know uS1(t). However, we know only u1(t) from Eq. (45).
Then, in order to transform Eq. (46) to the equation to give uni(t) in terms of ui(t), we introduce the Fourier transform.
The Fourier transformation of ui(t) is given by ui(t)e-iwcdt.
Similarly, for uni(t), Usi(iw)=2 =c: us1(t)e-zcdt (48) By the Fourier transformation of Eq. (46), we obtain 
The similar relations as Eqs. (49) and (52) hold between US2(iw), Us3(iw),.. etc. and U3(t), U4(iw), etc., respectively, as follows;
and
The Lcs(cw, Ii) n+ (i(aw, ti) n
In the above equation, F(iw, H)+ jSnG(iw, H) reduces further to
where, p' and q' are similar as p and q in Eqs. When the surface motion us(t) is known, the way to calculate the underground motion u(t, x) from us(t), has been presented in the previous section. From Eqs. (17), (18)) and (19) , this means that the Fourier transform of u(t, x) is expressed in term of Us(iw) as follows; Ux(iw)=A(x)p"Us(iw)....
where, Ux(iw) is the Fourier transform of u(t, x).
p" is given by p"=coswx dx+x B(y) cos w x dx-2w +Ix B(z) I z B(w) cos (cv Ix dx-2w C dw1 dw dz.
Finally, we can obtain the surface motion us(t) and the underground motion u(t, x) in time domain by means of the inverse transform of Us(iw) and Ux(iw), as. follows;
Us(iw)e1tdw u(t, x)2= c I Ux(iw)eiwtdw.
In the actual computations of the Fourier transform and the inverse transform by computers, it is known to be convenient to use F. F. T.
2 Numerical Example
As a numerical example, the earthquake response of Osaka area will be examined by the method described in 4. 1. Osaka is a controlling city for the west part of Japan, and its population and house density have been heavily increas- about 700-1400 m below the ground surface.20) The S-wave velocity and the unit weight of the ground are increasing nearly monotonously with the depth. For the analysis of the response, the distribution functions of the S-wave velocity and the unit weight were determined as indicated in Fig. 15 , where the granitic layer was considered as the base rock. At the interface between the base rock and the bottom boundary of the surface layer, the ratio of the characteristic impedance an is 0. 187.
b. Incident Earthquake
Motions at the Base Rock By the principle of the multiple reflection theory, the incident earthquake motion at the base rock was inferentially computed by using the accelerogram of El Centro earthquake of May 18, 1940 . The geological formation for the El Centro location is shown in Fig. 16 d. Earthquake Response Motions on the Surface and in the Underground Earthquake response motions on the surface and in the underground were computed by the method described in 4. 1. The computed accelerations at the surface and 500 m below the surface are shown in Fig. 18 . The maximum acceleration at the surface is 526 gal (0. 54 g) and the frequency components of 0. 45, 0. 82 and 3. 7 cps are prominent. The distribution of the maximum accelerations in the ground is shown in Fig. 19 . It is found from this figure that the maximum acceleration rapidly decreases at the depth of 100 m, and 400 m below the surface, it is almost constant of about 0. 15 g. That is, the earthquake motions are amplified in the top surface layer of alluvium clay and sand with relatively low rigidity.
e. Underground Shear Strain From Eq. (6), the equation to calculate the the shear strain 7(t, x) at an arbitrary depth in the inhomogeneous soil layer can be derived as follows; In this equation, 6 U(t, x)/at and 6D(t, x)/at correspond to velocities of the ascending and the descending wave, respectively. By using this equation, the underground shear strain in time domain was computed, where the time variations of acceleration were integrated to obtain the time variations of velocity.
The computed shear strains at the 10 m, 500 m and 1000 m in the depth are shown in Fig. 20 . At near the surface, the time variation of the strain is complicated.
On the other hand, as the depth increases, can be accepted even for strong earthquake because of the low strain level in that depth. In the shallow depth, however, the assumption of a linear elastic body of the soil will not be valid, and it is necessary in the response analysis to take into account the inelastic behaviors of soils such as viscoelastic and elasto-plastic behaviors, and the characteristics of the strain level dependency.
CONCLUSIONS
When we calculate back the underground motions from an earthquake record at the surface and obtain the earthquake response of a multilayered system, it is efficient to use the multiple reflection theory of wave for multi-layers. However, it is not often that a ground near the surface distinctly forms horizontal multi-layers, but it is rather reasonable to regard the surface layer as an inhomogeneous layer in which the vertical distribution of S-wave velocity and unit weight can be expressed by some suitable functions. In this paper, the approximate method for calculations of the underground motion and the earthquake response of an inhomogeneous ground was presented in accordance with the multiple reflection theory.
The degree of accuracy of this approximate method was examined by comparing the characteristics of ground shaking for the models of inhomogeneous ground calculated by this method with those by the exact solution.
It was found that the accuracy of this method was sufficient for the engineering purposes. Moreover, the good agreement was shown between the calculated underground motions from the surface record of Atsumi Hanto Oki earthquake and ones observed under the ground during the earthquake. The Osaka ground was considered to be an inhomogeneous layer and its earthquake response motions were obtained by applying this method. The acceleration curve at the El Centro base rock, which was calculated from the El Centro earthquake of May 18, 1940 , was used as the incident motion at the granitic base rock of Osaka. Throughout the response analysis for the Osaka ground, the conclusions obtained are as follows;
(1) When we regard the granitic layer, which lies at 1. 1 km below the surface, as the earthquake base rock, the fundamental period is 8. 0 sec.
(2) The acceleration at the base rock is amplified about four times at the surface.
(3)
According to the distribution of maximum acceleration in the ground, it decreases quickly in the depth between the surface and 100 m, and is nearly constant below 400 m. (4) The maximum shear strain distribution is almost constant up to 100 m below the surface, and their values are about 3. 0 x 10 strain.
Below 100 m, the maximum shear strains decreases with depth and their values become about 5. 0 x 10-4 strain below 600 m.
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